In this work, the thermal characterization of continuously pumped passively Q-switched laser is quantitatively represented. The system under investigation is end-pumped Yb:YAG passively Q-switched by Cr 4+ :YAG as saturable absorber. The rate equations describing the dynamics of laser action are numerically solved simultaneously with the temperature conductivity heat equation to depict the transient temperature distribution. The study has been performed in the cylindrical coordinates to characterize the temperature distribution in the axial and radial directions. The thermal transient time in both directions as well as the thermal focal length are calculated. The temporal behavior of the temperature distribution has been illustrated in a 3-dimensional diagram.
Introduction
The thermal distribution, within the laser active medium of Q-switched solid-state lasers when subjected to optical pumping, has been studied by many authors [1] - [3] . Also, the focal length of the thermal lens has been calculated [4] - [6] .
Most of the research has dealt with the temperature distribution inside the active medium at the steady-state and only some have studied the transient behavior especially in passive Q-switched solid state lasers. During the pulse generation, the population inversion density varies with time, resulting in a variation of the absorption of optical pump power. Therefore, the temperature distribution will be altered accordingly and exhibits undulations. The population inversion density has been drawn by a sawtooth time function by Jianlang Li et al. [7] to qualitatively study the radial temperature distribution in CW end-pumped passively Q-switched laser, using MATLAB ® PDE toolbox, to solve the parabolic heat equation. However, due to the repetitive thermal load of the Qswitched lasers, the quantitative study of both radial and axial temperature distributions requires solving the coupled laser rate equations simultaneously with the thermal conductivity equation which is extensively numerically complicated. Tao Li et al., [8] have studied the effect of different pumping power and repetition rate for different active media of active Q-switched lasers on the temperature distribution. Recently, Mohammadzahery et al., estimated the time dependence of the thermal power density by calculating the maximum pulse power from the laser output parameters before using MATLAB ® PDE toolbox for passively Q-switched microchip Nd:YAG laser [9] .
In the present work, a numerical model for passive Q-switching lasers has been developed to quantitatively describe the temperature distribution in both axial and radial directions. This was carried out by solving the coupled laser rate equations using fourth order Runge-Kutta method in conjunction with the thermal conductivity equation using finite difference method. The model has been applied to Yb:YAG passively Q-switched by Cr 4+ :YAG as saturable absorber due to its simple energy level scheme, long upper laser level lifetime, low quantum defects which decrease heat generation during lasing three folds less than Nd-based laser systems [8] . The rate equations describing the Q-switched laser and the thermal behavior are given in Section 2. The results are represented and discussed in Section 3 and concluded in Section 4.
Thermal Theoretical Model
According to the passively Q-switched theory, the modified coupled rate equations of photon density and population inversion density of gain medium and the saturable absorber in the passively Q-switched resonator are given by [10] - [12] :
where φ is the photon density in the laser cavity, σ is the stimulated emission cross-section of the laser crystal, n is the population inversion density of the gain medium, t r is the cavity round-trip time (t r = 2 l / /c) of laser cavity of optical length l / , σ g is the absorption cross-section of ground state of the saturable absorber, σ e is the absorption cross-section of the excited state, c is the speed of the light, l s is the length of the saturable absorber, n g and n e are the absorber ground state and excited state population density respectively, n s0 is the total population density of the saturable absorber, L is the nonsaturable intracavity round-trip dissipative optical loss, R is the reflectivity of the output coupler, γ is the inversion reduction factor (γ = 2 for Yb 3+ -doped three-level solid state lasers), W p is the volumetric pump power, τ is the lifetime of the upper laser level of the gain medium, τ s is the excited-state lifetime of the saturable absorber.
Solving the coupled rate Equations (1) to (3), the population inversion density ( ) n t as a function of time can be obtained. The absorption coefficient ( ) n α is a function of population inversion density given by [7] :
where, σ abs is the absorption cross-section of the laser crystal at pump wave length and N t is the doping concentration of the active medium. Considering the active medium as a rod of radius r 0 and length l, the laser crystal is held at room temperature using a cooling heat sink at 300 K. Therefore, the temperature distribution will be radially symmetric and the temporal behavior of the thermal load of the active medium in the cylindrical coordinates can be expressed as:
where, η is fractional thermal load and w p is the radius at the pump beam waist. While the transient temperature distribution can be obtained by solving the thermal conductivity equation described by the partial differential equation [7] :
with boundary conditions
where, ρ is the mass density, C is the specific heat of active medium, K C is the thermal conductivity, T is the temperature, r and z are the radial and axial coordinates of the points in the laser crystal, respectively and h is heat transfer coefficient between the laser crystal surface and air. The radial and axial thermal time constants are known as [13] 2 2 0 and
The thermal relaxation time can be defined as the time at which the temperature in the center of the rod decays to 1/e of its initial value [14] .
The temperature instability (the thermal oscillation contrast) can be calculated as following [8] :
where, ΔT is the repetitively oscillatory amplitude, T rise is the temperature rise at the center of pump facet and T max and T min are the temperature distribution peak and valley values, respectively. The temperature distribution in end-pumped laser may result in thermal lensing, assuming only radial heat flow in laser rod that is in contact with heat sink of fixed temperature. The focal length of thermal lens [1] for Gaussian pump beam can expressed by:
where, α is the absorption coefficient of pump beam, P h is the fraction of pump power that results in heating (= ηP p ) and dn/dT is the change of refractive index of laser crystal with temperature.
Result and Discussions
The spectral and thermal parameters of Yb:YAG passively Q-switched using Cr 4+ :YAG used for numerical simulation are listed in Table 1 [15] .
Using the simulation parameters, the radial and axial thermal relaxation times are found to be 48 ms and 768 ms, respectively, while the focal length of thermal lens for the laser system under investigation is 14.1 cm. Since the laser rod length is 4 mm, no self-focusing will occur within the rod at the operating pump power (30 W).
In the simulation of the temperature distribution, the temporal behavior is studied for 10 ms with 50 ns time step. Due to the radial symmetry, the simulation is carried out for a cross-sectional area (r 0 × l) divided into a spatial mesh of 80 × 25 nodes.
By coupling the rate equations (Equations (1)- (3)), with the thermal conductivity equation (Equation (7)), the resulting pulse repetition rate of the Q-switched laser pulse is 4.95 KHz corresponding to a period (1/PRR) of 0.2 ms. This period is very short compared to axial and radial thermal relaxation times.
The temperature distribution in the radial direction is shown in Figure 1 at different points on the pump facet; point A r (z = 0, r = 0 mm), point B r (z = 0, r = 0.2 mm), point C r (z = 0, r = 0.4 mm), point D r (z = 0, r = 0.6 mm), point E r (z = 0, r = 0.8 mm) and point F r (z = 0, r = 1 mm). It can be observed from the Figure, that the temperature distribution at each point arises to a quasi-steady state within 1.6ms. The quasi-steady state value increases as approaching to the center of the rod since the optical pump is localized in the beam waist (T max = 304.54 K at point A r ). The quasi-steady state indicates that an equilibrium state between the continuous heat input to the active medium and the radial heat flow from the center of the rod to its surface (and subsequently to the heat sink) has been established.
In addition, as shown in Figure 2(a) , the repetitive oscillatory amplitude ΔT decreases in the radial direction. At the rod center, the amplitude is the largest (ΔT = 0.04 K at point A r ) and decreases gradually within the illuminated area of the pump beam waist (w p = 313.5 μm). Since the remaining area of the rod is not exposed to the pumping power (r > w p in Equation (6)), the thermal load is resulting from the heat conduction from the hot spot to the peripherals at constant temperature. Thence, the oscillatory amplitude decreases dramatically (ΔT = 0.0001 K at point F r ). The corresponding temperature instability ζ is calculated from Equation (13) and it decreases from 9% at point A r to 0.08% at point F r as shown in Figure 2(b) .
By observing the repetitively oscillatory amplitude, it can be seen that the frequency of the oscillation is synchronized with the pulse repetition rate as shown in Figure 3 . Also, it can be noticed that the oscillation is asymmetric as the rising edge is sharper than the falling one in the area which is exposed to the optical pumping (r < w p ). Outside the optically pumped area (r > w p ), the oscillation becomes symmetric and a phase shift occurs (Figure 4) . The asymmetry of the oscillation can be explained as within the area exposed to optical radiation, the portion of energy gained and converted into heat (ηP p ) is high until this amount is transferred by conduction to the neighbor points in the direction of the outer surface (r = r 0 ). Thus, the rate of increase of temperature due to the optical radiation is faster than the rate of its release due to conduction. At radii larger than the area of radiation area (r > w p ), the heat transfer is due to the conduction only. Consequently, each point is receiving energy from its preceding point then delivers this energy to the proceeding point in approximate same rate which results in more symmetry in the oscillation. The time required to transfer the heat from the center of the rod to its peripheral yields phase shift shown in Figure 4 .
The temperature distribution is also studied along the rod length, at pump facet point A l (z = 0, r = 0 mm), point B l (z = 1, r = 0 mm), point C l (z = 2, r = 0 mm), point D l (z = 3, r = 0 mm) and point E l (z = 4, r = 0 mm). As shown in Figure 5 , the temperature distribution in the axial direction shows a similar behavior as the one of the radial direction. However, the oscillatory amplitude decreases in the axial faster than the radial one, which can be expected due to the absorption of the pumping light along the axial direction, i.e. the contribution of the optical energy into the temperature distribution is decreased with the length (Equation (6)). By studying the temperature distribution in the axial and radial directions, the results can be combined in a 3D diagram which illustrates the temperature variation in both directions (Figure 6 ). Figure 6 shows the evolution of the temperature distribution at the start of the optical pumping and at quasi-steady state. The highest temperature is in dark red and the lowest temperature is in dark blue. It can be seen that the temperature variation in the radial direction is stronger than that in the axial direction. The hot spot is at the center of the front facet of the rod and increases until steady state to 304.54 K (Figure 6(b) ) at 1.6 ms.
Conclusions
The thermal behavior of the active medium of passively Yb:YAG Q-switched laser has been numerically investigated in both the axial and radial directions. For a laser rod of 2 × 4 mm 2 , it was found that the thermal focal length was longer than the length of the rod. The radial and axial thermal time constants are much longer than the period of Q-switched pulse. The temperature distribution exhibits a repetitive oscillatory behavior synchronized with the repetition rate of the Q-switched pulses.
For further work, the temperature distribution can be studied for pulsed pumping in order to investigate the effect of discontinuity of pumping on the thermal load. In addition, the reciprocal effect between the temperature and the population inversion density can be considered within the rate equations of Q-switched laser system.
